Applications to the multiperson cooperative game theory are also discussed.
Introduction.
Let A be a finite set, and let {eJ}]€N be an affinely independent subset of a vector space indexed by the members of A. Denote by JV the family of nonempty subsets of A (i.e., JV := 2N\{0}), and define As := co{e?\j G S} (the convex hull of {ej\j G S}), and ms := ^j€S ei/#S, for each S G JV. The simplex AN is endowed with the unique Hausdorff linear-space topology for a finite dimensional vector space (i.e., with the Euclidean topology). The classical theorem by Knaster-Kuratowski-Mazurkiewicz [9] , which is equivalent to Brouwer's fixed-point theorem [1] , says: THE K-K-M THEOREM [9] . Let {C^^n be a family of closed subsets of AN such that As C \Jj€S Cj holds for each S GyV. Then f]j€N Cj ¿ 0.
The dual form to the K-K-M theorem may be found in Sperner [14] , which was reformulated by Fan [2] as: SPERNER'S THEOREM [14] . Let {Cj}jeN be a closed covering of AN such that AN\W c Cj holds for each j G N. Then f]jeN & ¿ 0.
A subfamily & of yT is called balanced, if m" G co{ms\S G &}. Shapley [12] established a generalization of the K-K-M theorem:
SHAPLEY'S THEOREM [12] . Let {Cs}S€yr be a family of closed subsets of AN such that AT C User Cs holds for each T G jV'. Then there exists a balanced family ¿$ for which f]Se^ Cs ^ 0.
Shapley [12] proved his theorem by using the "path-following technique" of Lemke-Howson [10] . For an alternative proof which makes use of Brouwer's fixedpoint theorem [1] and a sequence of simplicial partitions (makes use of Kakutani's fixed-point theorem [7] , makes use of Ky Fan's coincidence theorem [3] , resp.), see Todd [15 and 16] (Shapley [13] , Ichiishi [5] , resp.). The first purpose of this paper is to point out that Shapley's theorem can be reformulated as follows.
ALTERNATIVE VERSION OF SHAPLEY'S THEOREM. Let {CS}S£yT be a closed covering of AN such that AT c Usdívvt Cs holds for each T G JV. Then there exists a balanced family 38 for which Dsg^ Cs ^ 0.
It is easy to check that the alternative version generalizes Sperner's theorem. Shapley [12] applied his theorem to give another proof of Scarf's [11] theorem for nonemptiness of the core; the latter theorem is now considered one of the fundamental theorems in the multiperson cooperative game theory. Recently, Keiding and Thorlund-Petersen [8] and Vohra [17] provided new alternative proofs of the Scarf theorem by using the K-K-M theorem and Kakutani's fixed-point theorem, respectively. The second purpose of the present paper is to point out that both Keiding and Thorlund-Petersen [8] and Vohra [17] were looking at closed coverings of the type given in the alternative version of Shapley's theorem, and that the Scarf theorem follows directly from the alternative version.
Proofs of the alternative
version of Shapley's theorem. Two proofs will be presented here. The first proof (due to David Schmeidler) shows that Shapley's theorem implies the alternative version, and conversely the alternative version implies Shapley's theorem. Thus, given Shapley's theorem, the alternative version is established.
The second proof shows that the alternative version is a simple consequence of Ky Fan's coincidence theorem.
Equivalence of Shapley's theorem and the alternative version (Schmeidler). Observe first that if 38 (c JV) is a balanced family such that A ^ 33, then the family {N\S\S G 38} is a balanced family. Indeed, set \s ■= J2jeSeJ-The famüy 38 following version of Scarf's theorem is weaker than the original version [11] , but the latter follows straightforwardly from the former. The interior (closure, boundary, resp.) of a set A in RN is denoted by A (Ä, dA, resp.).
SCARF'S THEOREM [11] . Let V: JV -> RN be a non-side-payment game. Assume: (i) V(S) -RN -V(S), for every S G ¿V; (ii) There exists M € R such that for every S G ¿V', every u G V(S) C\ R+ and every j G S, it follows that Uj < M; (iii) 0 G V(S) for every S G JV; (iv) V(S) is closed in RN for every SGyf; and (v) V is balanced. Then C(V) is nonempty.
Remark that when proving Scarf's theorem, Shapley [12] applied his theorem to a suitable simplex contained in the negative cone, -R^f. The proofs in the present section, on the other hand, apply the alternative version of Shapley's theorem to a simplex contained in the positive cone, R^. Indeed, throughout this section the vector e-7 G RN is given by: e^ := 0 if i ^ j, and ei := 1. The set AN is then the unit simplex. 
